Convection is one of the fundamental energy transport processes in physics and astrophysics, and its description is central to all stellar models. In the context of stellar astrophysics, the mixing length theory is the most successful approximation to handle the convection zones inside the stars because of its simplicity and rapidity. The price to pay is the mixing length parameter that is introduced to derive the velocity of convective elements, the temperature gradients in the convective regions and finally the energy flux carried by convection. The mixing length is a free parameter that needs to be calibrated on observational data. Pasetto et al. (2014) have proposed a new theory that determines all the properties of convective regions and the convective transport of energy with no need for a free parameter. In this study, we aim to discuss the merits of this new approach and the limits of its applicability in comparison with the mixing length theory. We present an analytical and numerical investigation of the main physical assumptions made by Pasetto et al. (2014) and compare them with the counterparts of the mixing length theory. We also present here the homogeneous isotropic limit of the Pasetto et al. (2014) theory and discuss some numerical examples to address and clarify misconceptions often associated with the new formalism.
Introduction
Convection is one of the fundamental energy transport mechanisms in physics and astrophysics, and its description is central to all stellar models. Convection has been extensively studied over the years, and all attempts to model it have their origin in studies of turbulence, starting from the pioneering Kolmogorov work (e.g., Kolmogorov, 1941) up to the most recent computational simulations in physics (e.g., Ishihara et al., 2009; Lohse and Xia, 2010; Bec et al., 2010; Benzi et al., 2010; Rieutord and Rincon, 2010; Meneveau, 2011; Schmidt and Federrath, 2011; da Silva et al., 2014; Schumacher et al., 2014) and astrophysics (e.g., Rempel and Cheung, 2014; Hotta et al., 2015; Couch et al., 2015; Arnett et al., 2015; Gastine et al., 2015; Jiang et al., 2015; Kitiashvili et al., 2016; Lecoanet et al., 2016; Cristini et al., 2017) . Excellent reviews can be found in Frisch (1998) , Glatzmaier (2013) and Kupka and Muthsam (2017) . Stellar convection is customarily described by Mixing-Length Theory (MLT), a simplified analytical formulation of the energy transport by convection, developed long ago by Böhm-Vitense (1958) . The MLT stands on previous studies by Biermann (1951) and Prandtl (1925) . In the literature there are many The MLT stands on the basic (and largely justified by the common sense) assumption that the convective elements during their existence and motion are in rigorous hydrostatic equilibrium with the surrounding medium. This is used to derive an elementary equation of motion for the convective elements under buoyancy and gravity forces, to evaluate their kinetic energy and velocity, and then using the energy conservation principle to evaluate the total amount of energy stored by convective elements when they come into existence, the energy lost by radiative processes into the medium, and finally the net amount of energy released to medium when the elements dissolve in it (see Kippenhahn et al., 2012, Chap 6, Sec.6.1) . The MLT makes use of the mixing length-scale to express the convective flux, velocity, and temperature gradients of the convective elements and stellar medium. The mixing length-scale is taken to be proportional to the local pressure scale-height, and the proportionality factor (the mixing-length parameter, MLP) must be determined by comparing the stellar models to some calibrator, usually the Sun. No strong arguments exist to suggest that the mixing-length parameter is the same in all stars and at all evolutionary phases. All the stellar models in literature are affected by this basic drawback, i.e. the calibration of the MLP and the constancy of it with the stellar mass and evolutionary phases.
On one hand the assumption of rigorous hydrostatic equilibrium between convective elements and medium sounds reasonable at large scales because stars are in such a condition throughout their whole structure, including the convective zones in which the convective elements are supposed to originate, move and dissolve. On the other hand by using this condition to derive the physical properties of convection we miss the correct derivation of the motion and the energy transport by convection. The MLT copes with this drawback by introducing the mixing length, which is more than a free adjustable parameter, and in reality puts the incomplete physics on the right track. Indeed each convective cell (which is the fundamental vector of the convection) is born, lives and always dies outside any form of equilibrium, i.e., always outside hydrostatic-equilibrium too. In other words in astrophysics, the detailed treatment of pressure in the convective zones is often omitted or hidden beyond the assumptions of the MLT.
In a recent paper, Pasetto et al. (2014) (hereafter P14) presented an alternative theoretical framework that significantly differs from MLT in the fact that first it relaxes the local rigorous mechanical equilibrium between convective elements and medium, and second it does not require any freely tuned parameter (i.e., a mixing length) to determine the energy transfer inside the stars. We will refer to this theory as to the scale-free convection theory (SFCT).
In this paper, we study the cardinal differences between these two theories with particular attention to their pressure treatment. We want to emphasize and clarify the pressure adjustment as addressed by both the SFCT and the MLT. This will cast light on the physical meaning of the mixing length parameter itself and on some misunderstanding generated by the assumption of the delayed and immediate pressure adjustment assumed by SFCT and MLT respectively. In particular, we investigate the connection between the existence of a convective element, whose nature is by definition in a state of non-hydrostatic equilibrium, and the constant (time-independent) condition of hydrostatic equilibrium in which a star lives( 1 ).
The plan of the paper is as follows. In Section 2 we cast light on the basic issue about the pressure field surrounding convective elements i.e. whether these latter are always in pressure equilibrium with surrounding medium. In Section 3 we elucidate the relevance of a correct temporal treatment of the pressure readjustment of the average convective element and its relation to the (always true) hydrostatic-equilibrium of the whole star, and with the aid of a simple semi-analytical case, we highlight the difference with respect to acceptance (not only) in the MLT that Dp ≡ p e − p ∞ = 0∀t ≤ ∞. In Section 4, with a simple numerical case, we check the SFCT and the limits of the so-called uniqueness theorem of P14. In section 5 we investigate numerical and theoretical limitations of the SFCT. In section 6, we highlight the relevance of the correct physical treatment of the dynamics in the convective layers of a star.
Finally in Appendix A we brief note on the non-inertial linear response theory for convective elements in spherical coordinates, of which the SFCT is a particular case.
The pressure field around convective elements
In common with MLT, the SFCT considers a star to consists of many layers. Each layer, say a layer L, is defined in the SFCT and MLT by its average pressure p, density ρ and temperature T respecting the classic hydrostatic equilibrium condition. The role of the SFCT, or the MLT, is to insert the amount of energy that has to be carried by the average convective element moving up and down the layers before the it starts to travel. If the pressure readjustment of any convective element is instantaneous, as in the MLT, there is apparently no transportation problem. If the pressure readjustment of the average convective element is not instantaneous but delayed by a physically meaningful finite speed velocity, as in a time-dependent SFCT, we need to check that the element does not start before the energy is inserted and ready to be sent.
The vectors carrying the energy are the eddies/convective elements. An eddy is a blob of vorticity with its associated velocity field v 0 inside a bounded stellar medium L ( 2 ). In what follows, we will refer to any averaged convective element scheme as an eddy even though some of the adopted descriptions, e.g. the potential-flow approximation, do not consider vorticity in their formalism (they are curl-free). Any physical quantity in L cannot extend to infinity, because the layer is finite, therefore not representative of the whole star, and it does not last forever. In L the medium is described by the Navier-Stokes equations and it is characterized by an Equation of State (EoS) linking together the state variables such as the pressure p = p (x; t), density ρ = ρ (x; t), temperature T = T (x; t) at any position x and time t.
The pressure field surrounding an eddy is obtained from the theory of potential (e.g., Kellogg, 1929; Jackson, 1975) . This is before any assumption concerning the shapes of the eddies and the non-universal behavior of the convective turbulence. We start considering the fundamental proportionality relationship between pressure, density and the velocity field around a convective element (e.g., Batchelor and Proudman, 1956, Sec. 2)
to the leading order, where * T is the transpose element and ∇ n [ * ] the power-n gradient operator applied to what is immediately on its right. This is the fundamental equation of convective turbulence (e.g., Batchelor and Proudman, 1956; Saffman, 1967) . We remark on aspects of Eq.(1):
1. Eq.(1) is universally valid: it does not stand on the potential-flow approximation. It holds indeed for a fully rotational fluid too, where the concept of the eddy finds its natural definition. 2. Eq.(1) tells us how the pressure field associated with a convective element falls off and correlates with the motion of any other convective element across the generic layer, L, inside a star. 3. The right-hand side (RHS) of Eq.(1) is not constant, but retains an explicit dependence on time and position, meaning that the convective element is never required to be in equilibrium with its surrounding, and the pressure acting on it changes with time. 4. Hence, if a convective cell when born is not in pressure equilibrium with the surrounding medium, the same bubble dies inside a star long before reaching the condition of hydrostatic pressure equilibrium with the medium too ( 3 ). If we define Dp ≡ p e − p ∞ , then clearly holds:
where p e ≡ p (x e ; t) is the pressure at a location x e on the eddy surface and p ∞ ≡ lim x→∂L p (x; t) < ∞. This is always true if we assume L to be compact by Weierstrass's theorem( 4 ) is the pressure "far away" from the eddy surface (e.g., at the topological boundary ∂L).
Equation 1 forms the basis of turbulence theory and the transport of energy at different scales, times, and locations. This equation indeed shows how any small eddy can be considered as possible source (via the local pressure enhancement) of any other eddy in the environment under examination (i.e., L).
Probably the most straightforward eddy model in the literature is the one currently used in stellar astrophysics by the MLT (except for a few models of the Sun and other types of the star). Here an eddy is viewed as a (non-expanding) spherical body moving in an inertial reference frame S 0 (O, x; t). While moving, the sphere instantaneously adjusts the pressure at its surface, i.e., the following condition is always satisfied:
The equation of motion for the barycenter, x b , of the convective elements along its vertical motion is
where Λ m is the Mixing-Length that is usually supposed to be proportional to the pressure scale length h p , and t L is the lifetime of the convective element inside the layer L. This implies that while in the MLT the translational motion of the eddy is somehow taken into account, its expansion is ignored. In other words, if {x b , x e } are the independent coordinates describing the two degrees of freedom of an eddy (i.e., its position x b , and size x b − x e , for the translation and expansion/contraction description, with x e and element of the convective bubble surface), only one of them is taken into account. This is shown in Fig.1 . The classical MLT is not entirely consistent with the temporal description of these two coordinates. We understand that encoded in the free parameter Λ m there is not only the distance that a possible average element travels but much more:
1. the average energy exchanged between the mean flow and turbulence; 2. the differential behavior of intermittency (i.e., the irregular dissipation of kinetic energy) at different layers of the star; 3. the whole energy cascade as well as the temporal evolution required by the expansion in the second "omitted" independent coordinate; 4. and finally, that Λ m quantifies the amount of energy carried by convection in a star to secure the observed luminosity and effective temperature.
In the astrophysical context, a coherent description of the temporal evolution of the pressure and motion of a convective eddy in relation to its independent coordinates is present in the SFCT proposed by P14. This approach stems from a more general theory of non-inertial gas linear-instabilities, where the Rayleigh-Taylor (RT) and Kelvin-Helmholtz (KH) instability treatment is included. As with the MLT, the SFCT assumes spherical symmetry for the convective eddy in order to simplify the mathematical formulation in the context of the potential-flow formalism. A description of the temporal and spatial pressure differences at the surface of a convective element with respect to the medium has been investigated and presented by Pasetto et al. (2016) , hereafter P16, in the context of the SFCT. In that study (see their Fig.1 ) the temporal evolution of the pressure at the surface is compared with the hydrostatic equilibrium pressure of the stellar layer under consideration. The description of the convective elements presented by P14 and P16 takes the physics of non-hydrostatic equilibrium of the average eddy into account already in the definition of a convective element and includes the dependence of it on time (unlike the case of the MLT).
Capturing the essence of the SFCT
The correct description of the pressure and its variations essential for a correct formulation of the energy transport by convection/conduction/radiation, and the criteria for the onset of convection are indeed based on the comparison between the temperature over the pressure gradients ∇ ≡ lim ∂ ln p(x;t) , etc. for every t. Given the relevance of the pressure description inside a star, it is essential to highlight the implications of the pressure treatment adopted in the SFCT and to understand if the founding hypotheses of the SFCT can capture the real behavior of a convective blob rolling up in vortices of fluid. Figure 1 : Pictorial representation of the temporal evolution of the same a convective element for MLT and SFCT. The star is discretized in M layers in hydrostatic equilibrium, L n , with n = 1, .., M. The generic layer, L n , is defined by the hydrostatic pressure, density, and temperature (p, ρ, T ) Ln . For both MLT and SFCT, these values are assumed to be time-independent and far away from the convective element, i.e., for every layer (p ∞ , ρ ∞ , T ∞ ) = (p, ρ, T ) Ln ∀t. For the SFCT, each convective element is never in hydrostatic equilibrium with its medium; and the pressure, temperature and density at the convective element surface are {p e (t) , ρ e (t) , T e (t)} {p ∞ , ρ ∞ , T ∞ }. Upper and lower border of the layer are a function of the position, ∂L n = ∂L n (x). The representation is purely indicative, the size of the layer L n is typically much larger than the size of the convective element, say L n ≫ R (t) ∀t for n = 2, .., M − 1.
SFCT homogeneous-isotropic limit case
A fundamental assumption on which SFCT stands is that the expansion/contraction rate of a convective element is much larger than the motion of its barycenter. In Fig.1 this is pictorially represented by the expansion of the convective element radius, R, being much larger than the vertical motion of the same element in the transition between two arbitrary instants t 1 and t 2 > t 1 . If we follow the expansion/contraction in the non-inertial reference S 1 (O ′ , r) co-moving with the barycenter of the convective eddy at velocity v O ′ (relative to the inertial system S 0 (O; t) whose origin is at the center of the star O), we can write this assumption as ṙ e =Ṙ ≫ v O ′ . We physically motivate this approach because eddies are supposed to die shortly after their birth and to dissolve by RT and KH instabilities thus releasing their energy to the surrounding medium (see, e.g, Sec.3.3 and Appendix A). If the expanding/ shrinking elements of the SFCT capture the essential behavior of physical eddies rolling up in turbulent vortices, then we should be able to achieve reasonably good results in the pressure description even if we neglect their vertical motion entirely. This means to investigate the behavior of the SFCT as it approaches the limit case of a homogeneous-isotropic medium, a situation that can be easily achieved by nullifying the acceleration, i.e., setting a O ′ = 0, in the core equation of the SFCT( 5 ):
with ϕ v 1 the velocity-potential flow for the stellar plasma in the non-inertial reference S 1 (O ′ , ξ). Without translation of the convective element the regime is that of homogeneous isotropic turbulence (e.g., Sagaut, 2008) . In this simplification there is no net convective flow: this would be the case in which convective elements carry all the energy transport with little vertical motion but with significant expansion, the opposite of what is supposed to occur with the MLT in which only the vertical motion is considered. The scientific case we are investigating should be considered as a mathematical idealization meant to capture the essence of the role played by the sole expansion as compared to the case of the sole vertical motions.
We describe the expansion of a convective element with the formalism of the velocity-potential flow (e.g., Landau and Lifshitz, 1959) . In the following, we will show that this simple description can capture the essence of the convective turbulence described by P14. In the absence of translation of the convective element, we can simplify our previous treatment in P14 from two reference frames moving relative to each other into a single static one. It is convenient to rationalize the notation as follows:
where the system by spherical symmetry can be described merely by the evolution of the radius vector r ≡ r whose value at the convective element surface is the function of time r eêr ≡ R(t).
Under these assumptions, the potential vector in S 0 is Φ v 0 = −Ṙ R 2 r and the velocity field v 0 =Ṙ R 2 r 2êr . Given these premises, at an arbitrary but fixed time t the Bernoulli equation in S 0 becomes (see Eq.
(3) and Fig.1 ):
which with
becomes:
We set the constant by requiring that far away from the sphere we have p (∂L; t) = p ∞ and ρ (∂L; t) = ρ ∞ for all t mainly because the size L of the layer is much larger than that of the eddy (see Fig.1 ). Note here that the formulation of the problem is entirely general, not requiring hydrostatic condition at the border of the domain of definition ∂L; on the contrary p (∂L; t) could be taken to be any other pressure within L and outside the eddy without invalidating these arguments. This is implicit to the sharing of pressure information introduced by Eq.(1) whose applicability is entirely general. Nevertheless, we will assume that the stellar convective layer is always in rigorous hydrostatic equilibrium as a star is, i.e., SFCT correctly assumes hydrostatic-equilibrium at ∂L for each L and each t. Therefore, with these considerations and relaxing the time dependence only in ρ, we can complete the physical description in Eq.(6) with
which simplifies as:
This is either a differential equation for R (t) if the pressure is given or an equation for the pressure field if R (t) is given. We follow this second interpretation because from Eq.(B15) of P16 (see also Fig.A1 of P14) we have already learned that the interesting temporal evolution of the convective eddy is quadratic in time to the first order. This means that we can assume that the solutions of interest are those of type
and we solve Eq.(7) as an equation for the pressure field. We look at a generic sphere instantaneously overlapping the expanding eddy with R ∝ t 2 , set r = R (t) in Eq.(8), and make use of Eq.(9) to obtain:
where for the sake of simplicity we set r R 0 , t t 0 ≡ {χ, τ} and we achieved standard non-dimensionality of the partial differential
With a similar procedure the velocity field is:
with v 0 ≡ R 0 t 0 . In this way, the expansion of the convective elements increases with time χ ∝ τ 2 while it is immediately evident that to the leading order (i.e., by series expansion to ∂L) the pressure difference, Dp, drops with radius but increases with time as Dp ∝ τ 2 to follow the Bernoulli theorem. In particular the following temporal relation holds good:
which correlates the temporal evolution of the pressure at the convective element surface to that of the medium surrounding the convective element as imposed and predicted by Eq.(1). To better clarify the results we have obtained, we plot in Fig.2 and Fig. 3 the temporal and spatial dependence of the pressure and velocity fields around ideal convective elements as obtained in Eq. (10) and (11). In Fig.2 the different lines represent the different temporal evolution of the pressure field. As time increases, the convective element grows in size as given by Eq.(9) and represented by the 3D spheres. It is soon evident that not only Dp 0∀t, but even grows with time, contradicting the widespread notion that Dp = 0 (e.g., Eq.(6.2) in Kippenhahn et al., 2012) . This is, as noted in Sec.1, indeed required from Eq.(1), the fundamental equation of convective turbulence. Only infinitely far from the convective element Dp → 0, but this simplified scheme (and SFCT) fails because a stellar layer is not infinite nor it does last infinite time( 6 ). Since in this example, no hydrostatic equilibrium has been imposed, p ∞ can be the pressure existing at the surface of any nearby element. We also plotted for comparison in Fig.2 the spatial pressure dependence expected far away from the convective element in the case of rotational media (dashed line, Batchelor, 2000) .
Similar considerations can be made for the velocity field surrounding a convective element as a function of time and position (see Fig.3 ). Note that the velocity of any fluid particle at the arbitrary location r, v r = v r (r; t) Ṙ everywhere apart from the instantaneous location of the sphere overlapping the convective element surface as evident from Fig.3 . This case we have just illustrated is useful when compared to the more complex treatment presented in P14, and it helps to understand the meaning of the decoupled equations of the motion presented in Eq.(3) of P16 mentioned in the previous section. A few points are worth highlighting:
1. The pressure gradients presented in this simple case show the same asymptotic trends displayed in the more complex, non-inertial treatment of moving convective elements used by P14. At first glance, the ability of this simple exercise of capturing the essence of the SFCT may be somewhat surprising not only for the different formalism but also the different physical content. The SFCT requires both the hypotheses of hydrostatic-equilibrium far away from the convective element and the condition Ṙ ≫ v O ′ , otherwise, the quadratic dependence of Eq.( (12)) is not formally met.
Here neither is used, but the plot of Fig. 2 is very similar to that of Fig.1 in P16 where a similar trend was derived. 2. The velocity field shown in Fig. 3 tells us that the longer the elapsed time, the more the convective element expands/contracts, the less the approximation Dp = 0 holds true. The relationship between the radial dimension and time for the generic convective element, see Eq. (9) (4)). This result strengthens the Corollary 1 in Section 4.2 of P14: the hydrodynamics of a single thin stellar layer can be considered subject to a constant acceleration throughout it (as far as Eq. (1) is concerned). 4. The temporal evolution of the pressure and expansion of the convective elements are intimately related and cannot be separated without violating the energy conservation principle (i.e., the Bernoulli theorem). If we want to examine the expansion/contraction of the convective elements, we cannot ignore the time evolution of the pressure and vice versa. This is done coherently in the SFCT but not in the MLT. The MLT copes with its fundamental failure in describing the temporal evolution of the system by introducing a free parameter that tacitly accounts for the conservation of the energy as a function of time. 5. The hypothesis Dp = 0 is not at the basis of the Schwarzschild and Ledoux criteria for instability, ∇ rad < ∇ ad + ϕ δ ∇ µ as already proved in Lemma 2 of P14 and where ∇ rad , ∇ ad , ∇ µ are the classical radiative, adiabatic and molecular weight gradients as defined in Sec.3.
To summarize, what emerges from Figs.2 and 3 is that as the bubble expands, the pressure difference with the surrounding medium moves further away from equilibrium, rather than towards it. In this illustrating case where there is no translational movement of the bubble, the increase in size which is driving this evolution is put in by hand through Eq.(9), so that there is no need for concern at the source of energy to drive this process. In the complete treatment of P14 which encompasses the movement of the bubble, this expansion is self-consistently derived, and it is efficiently driven by the gradient of temperature and pressure gradients ∇ and ∇ e when a layer L becomes convective. We provide an illustrating check on this process in Sec.4. While the eddy expansion is taking place, instabilities set in, destroying the bubble, as discussed in Sec.3.3 below.
The danger of the instantaneous pressure readjustment
Failing to understand Eq.(1), whose original analysis dates back to the milestone works of Batchelor and Proudman (1956) ; Saffman (1967) 1) is implicitly hidden by a free parameter Λ m , it is explicitly not fulfilled in the recent study of MB16. In light of the work reviewed in Sec.1 and the example in Sec.3.1, the analysis of the potential-vector approximation presented by MB16 is incorrect on three counts:
• the authors assume instantaneous hydrostatic equilibrium on the single bubble treatment. This is evident in the derivation of their Eq.
(2) which does not contain any new free parameter as is provided by the MLT to compensate for the violation of the basic relationship of Eq.(1). In contrast, MB16 writes
so that for v b (t) = 0, i.e. a bubble at rest, one has
However, this contradicts the fundamental equation of convection Eq.(1) that shows how the pressure at the surface of the bubble and infinity is never the same. The MB16 approach leads to their Eq.(8) that to our knowledge has no regime of validity. Later with their Eq.(A6) MB16 claim to prove that a convective element and medium have almost the same pressure. As well known since the early studies on the pressure fields around an eddy by Batchelor and Proudman (1956) and Saffman (1967) this is never the case. The works of Batchelor and Proudman (1956) and Saffman (1967) are well known and influential results that had a wide range of implications in physics and astrophysics (e.g., Rose, 1966; Lee and Tan, 1967; Forster et al., 1977; Moffatt, 1981; Bernard, 1983; Hunt and Carruthers, 1990; Kuznetsov et al., 1991; George, 1992; Hanazaki and Hunt, 1996; Skrbek and Stalp, 2000; Ossia and Lesieur, 2000; Moffatt, 2002; Poujade and Peybernes, 2010; Davidson, 2010; Meldi et al., 2011; Davidson et al., 2012; Teitelbaum and Mininni, 2012; Kitamura et al., 2014; Yakhot, 2014; Soulard et al., 2015; Rincon et al., 2017; Layek and Sunita, 2017; Zhou, 2017) , over which SFCT stands, and that here we just proposed again in the example of Fig.2 , where convective elements and medium have approximately the same pressure only for, say, τ ≤ 1 and never more as time passes( 7 ).
• By construction, no equilibrium can exist for a convective element coming into existence. The authors assume instantaneous adjustment of the pressure equilibrium (see their Eq.(8)), i.e., MB16 do not take into account time/space evolution of pressure, but at the same time they follow the temporal evolution of the bubble size x e (t) (one of the degrees of freedom of the system in S O ) and the motion x O (t) (the other degree of freedom), which is mathematically and physically inconsistent.
• No turbulence can exist if the pressure adjusts itself instantaneously: the pressure waves caused by the pressure fluctuations at a given eddy position are indeed the trigger for the formation of other eddies and give rise to turbulent convection. While SFCT captures the fundamentals of this process, it is missing in MB16 (see, e.g., their result in Appendix Eq.(A6)).
The most obvious problem in MB16 is clear after our Eq.(12) (repeated here for simplicity):
at the surface of the convective element. Contrary to what shown here in compliance with the physics expressed by Eq.(1), MB16 derive their Eq. (A6) (which sustains their Eq.(2) and the rest of the paper) that predicts the opposite of our Eq.(12). The authors fail to investigate the limit of their Eq.(A6) because they compute the limit of p = p (r, t) without examining whether the bubble exists in that regime in time and space. We have shown here that if Bernoulli's theorem is correctly fulfilled (and hence the energy conservation that it represents), it is never the case that p ∞ ≃ p anywhere and at any time. Coherently, the velocity field is shown in Fig. 3 tells us that: the longer the elapsed time, the more the convective element expands/contracts, the less the approximation of Eq. (A6) in MB16 is verified. Indeed the correct physical formulation and analysis of the whole problem impose the pressure-time dependence of Eq.(12). In particular even far away from the bubble the condition p ∞ ≃ p cannot happen because of the temporal divergence in the equations (in any case convective bubbles are destroyed by instabilities as examined in Pasetto et al. 2015 as time goes by)( 8 ).
The fate of a convective element
Finally, we examine the fate of an expanding/contracting convective element.
As already mentioned in P16 the SFCT fails in compressible regimes and in the very last layer of the star where suitable boundary conditions must be supplied( 9 ). Also, convective elements cease to exist at t → ∞. The reason for this failure of the 8 It can be proved by investigation of χ = 1 + τ n (with n ∈ Z ) that only for n = 1 the pressure at the surface r = R (t) remains approximatively constant (it results in that Dp ∈ [1.4, 0.0[). This seems to be the only mathematical case in which the study of MB16 may be applicable or in which the immediate pressure balance between convective elements and the medium is established (see for instance Kippenhahn et al., 2012, their Eq. 6 .2) even though, to our knowledge, no evidence exists where the proportionality χ = 1 + τ is met. 9 Note how in Fig.1 caption we exclude the layer L n for n = M. theory at significant times and very outer regions is that in our analysis we did not include the instabilities that dissipate and destroy the elements. Possible physical causes of disintegration include:
1. Deformation: the convective elements dissolve, losing their initial spherical geometry. This reflects the classical picture of a turbulent eddy that winds up in vortex sheets in a sequence of azimuthal vorticity and poloidal motions and sweeps angular momentum outward radially to form sheets. The start of this process is captured by the linear treatment regarding the stability parameter γ 2 I = γ 2 I (x; t) already available in classical literature on the subject (e.g., Plesset, 1954) . 2. Rayleigh-Taylor instability: finger-like penetrations of two fluids at different densities (e.g., a convective element expanding inside a radiative/convective fluid). The process depends on (i) the density difference between the two fluids; the instability parameter is γ 2 RT = γ 2 RT (x; t), and (ii) the relative acceleration between the two fluids with instability parameter γ 2 a−RT = γ 2 a−RT (x; t). See Appendix A for more details. 3. Kelvin-Helmholtz instability: the relative sliding of the inner layers concerning external ones of convective the elements helps to dissolve the convective element themselves. The instability parameter is γ 2 KH = γ 2 KH (x; t). To the first order, no dependence on the acceleration of the convective element is found. See Pasetto et al. 2015 for an extensive investigation and Appendix A for more details( 10 ).
A convenient analytical solution is possible using the WKB approximation and a simple formulation for the linear-instability parameter results as:
see Eq.(A.5). Here γ 2 mix refers to the linear superposition of the instability effects.
Numerical results of SFCT
After getting a better insight into the SFCT paradigm by studying how its behaves in the homogeneous isotropic case and in respect to the MLT, we pass now from the single eddy description to the collective averaged behavior of a system of convective cells embedded in a real stellar layer.
The generic layer L n is always assumed to be in hydrostatic equilibrium both in the MLT and in the SFCT even though L n is a sum of elements not in hydrostatic equilibrium (i.e., the convective elements). This description differs from the testcases of Sec.3 because the single equation describing one eddy element is now embedded in a system of equations that describe 10 Note that the theory is presented in P16 for the specific case of a cloud at much higher temperature moving through an ionized plasma. However, the theory applies to any non-degenerate, non-relativistic gas in a convective zone inside a star. the layer L n and the interaction of all the eddies with this layer. This single-to-collective description is achieved solely through a parameter (the mixing length Λ m ) in the MLT. The resulting set of equations is reported here (see, e.g., Eq.(B1) of P16):
The same connection single-to-global description can also be achieved in the SFCT with this set of equations (see, e.g., Eq.(B21) of P16):
Here all the quantities are averaged on their values at the generic layer L n (x) of Fig.1 . In particular, for the sake of notation, we simplify the notation for T (L) = T (x) = T ∞ in T for the temperature, p ∞ in p for the pressure, and so forth, for density ρ, opacity κ, specific heat at constant pressure c p , pressure scale length h p , the gravity g 4 = g/4, radiative/conductive flux ϕ rad/cnd , convective flux ϕ cnv , adiabatic gradient ∇ ad , radiative gradient ∇ rad ; and where we adopt the standard notation
with µ molecular weight. Here, a is the radiation pressure constant and c the speed of light. Note how the mathematical nature of these two systems is profoundly different. In the MLT case, the system of Eq.(14) is local and time independent (i.e. pertinent the layer L n at every time): it can be solved at every location x where the defining quantities of L result well defined. The case of the SFCT system of equation is intrinsically more complex because of its time dependence. In Eq.(15) enter both time and location dependent quantities, i.e. the equations of motion for the average eddy, together with time-independent but location-dependent quantities, i.e. the equations related to the Schwarzschild or Ledoux criteria and to the radiation transfer processes( 11 ).
A simple numerical validation of the SFCT
We present here a simple numerical test of whether the SFCT can eliminate the mixing-length and why the uniqueness theorem presented in P14 holds good. As a result of this test, not only may we better understand the theory of P14 but also a numerical counterpart will be available to the analytical derivation of the set of equations presented by P16. The test does not require complicated stellar structure codes; instead, it can be followed with a pocket calculator.
We choose the same layer of the standard solar model already examined by P14. The layer is close to the surface where energy transport is far from being super-adiabatic, hence where the effect of the SFCT (or MLT) is more substantial and relevant. We use the same input values for our calculation in both MLT and SFCT and adopt SI units. The input values are, r = 6.92002 × 10 8 m, T = 48503.4 K, ∇ ad = 0.28310, ∇ rad = 0.295186, p ∞ = 2.05058 N m −2 , g = 277.517 m s −2 , ρ = 0.345519 kg m −3 , c ∞ p = 102986.2 J kg −1 K for stellar radius, temperature, adiabatic gradient, radiative gradient, pressure of the stellar layer far away from the convective element, gravity in the same layer, average density and specific heat at constant pressure far away from the convective element respectively. In addition to these values, three universal constants must be specified: gravity constant G = 6.67428 × 10 −11 m 3 Kg −1 s −2 , the gas radiation density constant a = 7.56464 × 10 −16 J K −4 m −3 and the speed of light c = 2.99792 × 10 8 m s −1 .
We first obtain a solution for the radiative-convectiveconductive transport of energy with the MLT. For this we use Eqs.(B1), (B2) and (B3) of P16. To proceed we need the mixing-length of l m = Λ m h p with Λ m = 1.64 and h p = p ρg (e.g., Bertelli et al., 2008) . With these entries, we can define the quantities V and W of Eq.(P16,B2), that we report here for simplicity and we evaluate as:
3acT 3 c p ρ 2 κl 2 m 8h p gδ = 1.95043 × 10 −11 and W = ∇ rad − ∇ ad = 295186.3. The expression for Eq.(P16,B3) becomes
x − 1.950 × 10 −11 3 + + 1.733 × 10 −11 x 3 − 2.951 × 10 5 = 0 11 This sets the SFCT in that branch of Mathematics called Differential Algebra (e.g., Goode and Annin, 2015 , see also P14) and its defining system is indeed an algebraic-differential system (DAS) of equations. The reduction of the original DAS to the system of Eq.(15) is achieved in P14. In the case of the Eq.(15) a theorem (Theorem of uniqueness, P14) grants that the solution of the system in terms of the mean stream velocityv, convective flux ϕ cnv , radiative/conductive flux ϕ rad/cnd , stellar gradient ∇, and eddy gradient ∇ e , exists and it is unique once the layer L = L T, κ, ρ, ∇ rad , ∇ ad , ∇ µ , g, c p is assigned (withχ monotonic function of the parameter τ). The simple algebraic system of equation for the MLT is studied elsewhere (e.g., Kippenhahn and Weigert, 1994) . with
x 2 = ∇ − ∇ ad + V 2 . This is the classic cubic equation of the MLT. Using now Eq.(B4), (B5) and (B6) of P16 one can derive the analytical solution. Alternatively, a numerical solution can be used (e.g., Press et al., 1992) to obtain x = 0.01723 for our layer. Finally, with this value for x we derive the layer pressure gradient as ∇ = 0.28340.
We repeat now the same calculations but using the SFCT for which no assumption has to be made for the mixing length parameter Λ m simply because this parameter is missing in the equations of this theory. We start from Eq.(12) of P16, and we proceed backward to obtain ∇. We use the same input values and take time interval sufficiently long, say t > t (∞) , to ensure that the asymptotic regime is reached for all relevant quantities (the velocity in particular)( 12 ). From a numerical point of view, we consider the asymptotic regime to be reached when the velocity of convective elements no longer change more than a few percent (the corresponding integration time is about t < ∞ ≡ t (∞) = 10 6 s). The basic quintic equation of the system Eq.(15) is given by ( 
whose coefficients are, and take the numerical values:
with α ≡ acT 3 κρ 2 c p .
12 It is worth recalling here that the asymptotic regime is a consequence of the uniqueness theorem (see P14, Sec.6.2). By itself, the single eddy equation of motion does not predict any asymptotic value. In particular, the SFCT does not apply at all in the case of a bubble rising in a medium and reaching the terminal velocity of traditional mechanic systems. As shown in Sec.3.3, the convective cell dissipate far before reaching any terminal velocity by instability effects. The asymptotic regime evidence in P14 and P16 (and hereafter referred to with t > t (∞) ) manifests itself only when we embed the averaged single equation of motion for the convective eddy inside the system of equation of the convective layer. The solution of those six equations in Eq.(15) (i.e., once simultaneously considered) presents an asymptotic behavior; by itself the single equation of motion of SFCT does not. 13 A note on the notation: here all the quantities of the SFCT (as well as for the MLT) refer to the average behavior over the layer L. Nevertheless, only for the velocitiesv and the expansion functionχ we use an upper bar to distinguish them from the single bubble value in order not to confuse them with the previous section notation. The process of average forv andχ is detailed in P14 and in the next section too. This equation has three real solutions and two complex ones. The only physically acceptable solution isv = 194.607 m s −1 . After the selection of the roots, the determination of ∇ becomes straightforward. Finally, we obtain ∇ SFCT = 0.28310 for the stellar layer under examination which is virtually indistinguishable from the result above of the MLT: ∇ MLT = 0.28340. The "mixing-length problem" is numerically solved: equalities between the left-hand side (LHS) and right-hand side (RHS) of the system of equations are recovered and verified (within the precision error) and the Sun modelled with MLT and with SFCT is the same, i.e., it has the same star pressure-temperature stratification.
Time dependence Schwarzschild or Ledoux criteria
By extending the detailed study of the stellar model to different phases of a solar track as in P16, we obtain the Figs. 4, 5, and 6 from which to extract a few essential features of the SFCT treatment.
While, generally, the stability criteria of Schwarzschild or Ledoux express the condition for the onset of the convection, they do not predict the timescale for a layer becoming convective. This is because they are not time-dependent criteria. The SFCT being a time-dependent theory, theory predicts a non-zero timelapse for the convection to become effective. For the sake of simplicity, we refer to a stellar layer L as "convective," if (and only if) both the conditions
are satisfied ∀t. Despite all the figures refer to layers where classic Schwarzschild criterion is satisfied, ∇ rad > ∇ > ∇ e > ∇ ad , the onset of the convection is initially still radiative dominated energy transfer, i.e., ϕ rad/cnd > ϕ cnv , and only after a small time of the order of 100 seconds for a solar-like star (but which can be as large as 10 7 s for a giant star) the energy flux becomes dominated by convection (i.e., both the criteria of Eq.(19) are matched). Finally, we note how the timescale with which ∇ = ∇ (t) and ϕ rad/cnd = ϕ rad/cnd (t) develop is always the same. This is natural as they are directly proportional, ϕ rad/cnd = 4c 3 aT 4 κh p ρ ∇. Moreover, because of Eq.(19), we see that ϕ rad/cnd < ϕ cnd in agreement with our definition of a convective layer.
Finally, the average velocity of the convective elements remains the more sensitive variable to the physics of the star. In our case, we are limited in Fig.4 , 5, and 6 to positive average velocitiesv > 0, but the analogous analysis can be done for negative velocitiesv < 0 with similar results. As evident from the figures, the timescale with which the asymptotic mean-stream velocity is reached by the convective elements, before dissolving by RT and KH effects, can be as short as a few hundred seconds as well as long as 10 7 seconds for bigger stars.
A numerical check
Extending the numerical investigation introduced above, allows us to propose a robust numerical study of the subsonic regime approximations used in SFCT( 14 ) . In particular, one of the standing hypothesis of SFCT, the limitation to subsonic regimes, translate to the condition v R 2 1 2
that we are able now to numerically verify over an extended set of models. We proceed as follows. For the sake of simplicity we define three functions from the above Eqs. (20) and (21):
We proceed to consider the same layer L introduced in Sec.4. Further values necessary for the computations of this exercise are available in Table 1 of P14 and the value of the derivative ofv, i.e.Ṙ, are simply the tangents to the plot in Fig. 4 , 5, or 6. We obtain for the same point inside the Sun analyzed in Sec.6.3 of P14 (after ∼ 10 6 s) thatv = 194.6 km s −1 ,χ = 8.3 × 10 10 so that at θ = 0 gives f 10 6 , 0 = −6.81 × 10 −7 . At the same time and location we havev = 1.027 × 10 −5 km s −2 ,χ ′ = 1.666 × 10 5 andχ ′′ = 0.156 and hence k 10 6 , 0 = 0.5. It is evident that the first of the equations necessary to prove the Lemma 1, f (t, θ) ≪ k (t, θ), of P14 is largely verified. Now that all the values are available, it is a simple exercise to prove that also the second g (t, θ) ≪ k (t, θ). We plot f , g, and k for any point θ or φ on the convective element surface in Fig.7 which makes evident that the conditions f (t, θ) ≪ k (t, θ) and g (t, θ) ≪ k (t, θ) hold in the temporal regime of interest (as mathematically proved in Lemma 1)( 15 ).
Conceptual limits and practical implications of the SFCT

On the functional timescales of the SFCT
The solution of the convective energy transport is achieved by the SFCT thanks to the uniqueness theorem (P14, Sec.6.2) which is a theorem that holds inside a linear-response theory framework. Hence the theory inherits the limits of this theorem, and these implications of this limitation are better understood with an example. The theorem states that, to the leading order, there is an invariant manifold solution of the system of equations Figure 4 : Evolution of the averaged fluxes, gradients and velocity for a 1M ⊙ stellar model with log 10 L/L ⊙ = 0.0, log 10 T eff = 3.76 and solar metallicity. Left panel refers to R = 0.7R max , right panel to R = 0.88R max . We refer to t < t 0 as the homogeneous isotropic turbulence regime treated in Sec.3, to t (0) < t < t (∞) as the transition regime, and to t < t (∞) as the asymptotic regime. of energy transfer inside a star. If an invariant solution exists, we might be tempted to get the invariance regime directly from the quintic Eq.(16) by taking to infinity the temporal limit of the coefficients Eq.(17), thus obtaining after simple manipulation:
Apparently, in this way we reduce the quintic to a cubic (as in the MLT case) whose only real solution for a convective region would bev = 2 3 αg 4 (∇ rad − ∇ ad ) = 0 and neglecting {c 4 , c 5 } ≪ {c 1 , c 2 , c 3 } we can obtain a solution forv in the resulting cubic that is completely indistinguishable from thev obtained form the quintic. Unfortunately, despite its apparent simplicity, this way of using the uniqueness theorem is wrong because it is outside its founding hypotheses. As explained in P14, the "limit τ → ∞" is a mathematical idealization for the dimensionless independent variable (τ in our case) to reach the asymptotic behavior of the solution, say for t > t ∞ . In the real situation of interest, τ cannot exceed a specific limit value securing that (i) the stellar region under consideration is still convective; (ii) the convective elements are still moving inside the convective areas; and (iii) the star itself does still exist. The state variables p = p (x; t), density ρ = ρ (x; t), and temperature T = T (x; t), set the real physical limit "τ → ∞" (or "τ → ∂L" in the example of Sec.3, τ normalized time), so that the limit of Eq.(18):
is coherently accounted for. However, the star at an infinite time does not exist any longer, and it is simple to prove that the modelling scheme for the SFCT flattens the state variable gradients to adiabatic stratifications: lim τ→∞ ∇ = lim τ→∞ ∇ e = ∇ ad and the size of the convective element would diverge lim τ→∞ χ = ∞ as expected (note indeed that one of the primary effects of the convection is to homogenize a stellar gradient).
To conclude, there is non mathematical shortcut to the quintic in Eq.(16) because of its physical implications.
On the effect of the turbulence
One of the known present limitations of the SFCT is the missing treatment of the turbulence. We know that turbulence is one of the critical physical phenomena to consider, and we assume it to affect the SFCT both in the onset of the convection, e.g., in Fig.4 , 5, and 6 for t < t (0) , and at its asymptotic regime, say for t > t (∞) in Fig.4 , 5, and 6. Nevertheless, for problems of interest to us as the generation of stellar tracks, the turbulence is well known to be irrelevant: results as from, e.g., Brown et al. (2005) , clearly show how stellar tracks based on turbulencefree theory such as the MLT are well capable of reproducing stellar isochrones that fit globular cluster stars from the main sequence up to the red-giant branch. MLT does not include any correction due to turbulence. Results as the ones shown in Brown et al. (2005) can indeed well be claimed as some of the most reliable proof of the validity of the MLT framework, and in turn, on the second-order relevance of the turbulent convection in reproducing true stellar observations.
Here, we can try to understand the role of the exchange of energy between the mean convective flow and the turbulence in the regime t > t (∞) . The regime t < t (0) , introduced in Sec.3.1 as a limiting case for the SFCT in a homogeneous isotropic medium, is hence not of interest.
If we assume that the turbulent cascade distribution function of the stellar plasma in S 0 is given by f 0 = f 0 (x, v; t) then, the mean convective flow is just the first order moment of this distributionv 0 = v 0 f 0 (x, v; t) d 3 x, while the second-order centered moment is σ 2 0 = (v 0 −v 0 ) ⊗2 f 0 d 3 x (with * ⊗n the ordinary tensor product of order n). Because we are interested only in the case of the asymptotic regime t > t (∞) , we simplify the previous as v 0 f 0 x, v; t > t (∞) d 3 x = v ∞ 0 and similarly for σ ∞ 0 (we omit the square which is present here only for a historical reason while clearly σ can have negative cross terms.) It is simple to prove that the relation between the first and second moments is
If we time-average the Navier-Stokes equations (then usually referred as Reynolds-averaged Navier-Stokes), i.e., we get:
Moreover, noticing that the contribution
cancel out when timeaveraged, we arrive at the version of the Reynolds-averaged Navier-Stokes suited to our purpose:
While this equation holds within any small layer L, p ∞ = cnst. and ρ ∞ = cnst. , pressure and density retain their spatial dependence within the convective zone V supposedly composed of several layers. At different L, and within V, we have that p ∞ = p ∞ (x) and ρ = ρ ∞ (x). Because of the results in Fig.4 , 5, and 6 the temporal dependence can be safely omitted as the structure of the star is unchanged over the time interval ∆t ≃ t ∞ of interest here. Eq.(24) couples the mean flow v ∞ , to the dispersion velocity σ ∞ 0 , i.e., to the statistical index of the turbulent motions of the stellar plasma. The components of τ ≡ ρσ 0 are indeed traditionally called the âĂĲReynolds stressesâĂİ and have been the subject of extensive study related to the problem of the closure of the moment equations of f 0 (e.g., Pope, 2000; Launder and Sandham, 2002) .
For t > t ∞ , the i th component of the force acting on a surface element due to σ ∞ 0 is written, e.g., as ρ ∞ σ ∞ 0 d 2 S , so that for t > t ∞ the rate of workẆ ∞ due to turbulent motions follows as ρ ∞ v ∞ 0 , σ ∞ 0 d 2 S for the whole convective shell of volume V bounded by the surface S and we can write:
where on the last equality we used Gauss's theorem. Hence, for a unit volume, we have that
thus identifying the meaning of ρ ∞ ∇ x , σ ∞ 0 also as a force. Because we defined σ ∞ 0 just from an average procedure on the (unknown) distribution function, σ ∞ 0 cannot create or destroy mechanical energy. Instead, σ ∞ 0 can only represent the rate of change of kinetic energy per unit of volume. For simplicity of argument, we exclude over/under-shooting of the convective elements so that we can safely assume we can null the convective flux at the boundary of the convective zone V, thus that the divergence ∇ x , v ∞ 0 σ ∞ 0 statistically cancels out and the previous Eq.(26) balances the LHS with the RHS as follows:
Hence, if ρ ∞ ∇ x , σ ∞ 0 is the force due to σ ∞ 0 (per unit volume acting) on the mean flow, then ρ ∞ ∇ x , σ ∞ 0 v ∞ 0 is the rate of work of this force, and −ρ ∞ ∇ x , σ ∞ 0 v ∞ 0 the rate of loss of kinetic energy from the mean flow as a result of the turbulence that must equal precisely the rate of gain of the kinetic energy by the turbulence. Under the light of these considerations, it is evident from Eq.(27), that σ ∞ 0 gives rise to a net force acting on the mean flow whose rate of work is negative meaning that the mean flow loses energy to the turbulence, i.e., energy is transferred from the mean flow to the turbulence.
Concluding, we have proved that the mean flow is overestimated by the SFCT that, at the present stage, can provide only an upper limit to the convective flux (even if in a better way than what MLT does because it is a parameter-free theory).
It remains beyond the goal of the present paper to upgrade the SFCT to account for the turbulence cascade. In the light of the results in P16, it is probably not necessary for stellar tracks. Several approaches are available in the literature to account for turbulence parametrically, as well as the results of hydrodynamics 3D simulations (e.g., Arnett et al., 2015) to which we refer the interested reader. See also Kupka and Muthsam (2017) for a recent review.
Conclusions
In this work, we investigated in some detail the key elements of the SFCT, in particular the pressure treatment. We have:
• presented the pressure treatment of the SFCT in the limiting case of homogeneous isotropic intrastellar plasma and compared it with the MLT;
• presented a numerical validation of the SFCT equations with the simplest solar model available in the literature that complements the analytical treatment of P14;
• obtained the first numerical temporal estimations of the onset of the convection in a convective layer thus evidencing for the first time (numerically) a temporal dependence of classical Schwarzschild or Ledoux criteria that was not previously studied;
• remarked on the limitation of the SFCT regarding temporal integration and the treatment of turbulence.
Finally, in light of the above considerations, it is instructive to consider why the MLT captures to a good approximation the essence of the transport of energy inside a star. This happens because MLT contains a free parameter whose meaning is not to merely quantify the distance travelled by "an average" eddy along the vertical direction inside a star, but also to take somehow into account the whole phenomenon of the turbulence cascade of energy, the transmission of the energy to the flux, the interaction between eddies, and the complex pressure information transmission from a place to another, etc.
The MLT is not a hydrodynamic theory because no time evolution is considered in it. Therefore the question how far a convective element can travel has no simple physical meaning because there is no such a simple connection between the average motion of the turbulent eddies and the pressure scale length: the pressure scale length is a natural scale length of a star that is related to the dynamics of the convective elements through Eq.(1) whereas the mixing-length, in reality, has little to do, if nothing at all, with a length or a radial motion. As a matter of fact the most successful models of turbulence do not actually deal with spherical bodies but rather with tube-like objects, even though the classic "view" of turbulence relates the transport of energy from large to small scales with a mechanism that passes from convective elements as blobs, to rolled up vortex sheets in a sequence of azimuthal vorticity, and to poloidal motions that sweep angular momentum outward radially to form sheets (e.g., Kuo and Corrsin, 1972) .
The simple exercises we have described here cannot adequately capture the whole physical complexity of magnetic and turbulent convection at work in the real star. This is in part captured by the study of P14. Nevertheless, the discussion presented here is valuable in clarifying the role played by the essential ingredients of the stellar convection, at least to the order required to reproduce the observed HR-diagrams.
The success of the SFCT is evident in the quality of the stellar models it generates (see P16) which nicely fit the positions of stars in the Hersprung-Russel lg T e f f , lg L/L ⊙ diagrams by continuously adapting itself to the ever-changing properties of a star during its evolutionary history and without requiring an external calibration on standard stars like the Sun. Moreover, the mathematical exploitation of the uniqueness theorem in P14 can open new possibilities not only to eliminate of parameters whose nature and physical meaning are far from being clear (e.g., the mixing-length) but also to investigate closure relations of the hierarchy of hydrodynamic equations (e.g., Launder and Sandham, 2002) .
The internal structure of stars can also be probed with other techniques such as deep helio-seismology and giro-seismology studies. Nevertheless, the SFCT constitutes a step forward with respect to the classical MLT with which it shares the significant merits of simplicity and easy usage, but which surpasses by eliminating the so-called mixing length parameter. The SFCT does not intend to replace or compete with more sophisticated theories of convection and 3D numerical simulations that, however, appear to be still far from being readily incorporable into large stellar model datasets.
restrictive for the purposes of Pasetto et al. (2015) ) turned out to be acceptable if one looks at the overall structure of stellar models calculated with the SFCT plus suitable boundary conditions (e.g., Pasetto et al., 2016; Chiosi et al., 2017) .
Furthermore, by retaining the third hypotheses, we can rapidly derive an instability criterion that allows an understanding of the survival of the convective elements as they expand/contract moving upward/downward in an unstable convective layer as already mentioned in Section 3.3. By developing the algebra in full (see Eq.A30 in Pasetto et al., 2015 , for more details) we reach the criterion expressed by the quantity γ 2 > 0 (defined below) which allows us to investigate the onset of instabilities and the resulting dissolution of convective elements( 16 ). The quantity γ 2 is defined as follows (RT and KH stand for Rayleigh-Taylor and Kelvin-Helmholtz respectively as introduced above):
